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Abstract—A memoryless state-dependent multiple access chan-
nel (MAC) is considered where two transmitters wish to convey a
respective message to a receiver while simultaneously estimating
the respective channel state via generalized feedback. The sce-
nario is motivated by a joint radar and communication system
where the radar and data applications share the same bandwidth.
An achievable capacity-distortion tradeoff region is derived that
outperforms a resource-sharing scheme through a binary erasure
MAC with binary states.

[. INTRODUCTION

Consider the communication setup depicted in Fig. 1.
Two encoders each wish to convey a message to a decoder
over a state-dependent multiple access channel (MAC) and
simultaneously estimate their state sequence via generalized
feedback Z;—1, k = 1,2, i« = 2,...,n. For simplicity,
we assume that at time ¢ the decoder has access to the
state S; = (S1i,S2;). The above communication setup is
motivated by joint radar and data communications, where
radar-equipped transmitters track the state while exchanging
data. Most current communication systems build on resource
sharing, where the time and frequency resources are divided
into either state sensing or communication.

We recently studied a single-user version of this problem
in [1]. In this paper, we extend the results to two-user MACs.
As in [1], the state information is available at the receiver,
which is different from [2] where the state is estimated at the
receiver. The main contributions of the paper are:

e an outer bound on the capacity-distortion region that
builds on [3];

« an achievable rate-distortion region that builds on [4];

« numerical examples based on a binary erasure MAC.

This paper is organized as follows. Section II describes
the model and presents our main results. Section III provides
the outer bound and Section IV provides the achievability
proof. We consider a binary erasure MAC with binary states
in Section V.

II. SYSTEM MODEL AND MAIN RESULTS

Consider the channel inputs Xy, € X}, the channel outputs
Y; € Y, the feedback channel outputs Zy; € Z, and channel
state S; € S1 xSz, k=1,2,7i=1,...,n linked by a discrete
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Fig. 1. State-dependent MAC with generalized feedback

memoryless channel with i.i.d. states. The joint probability
distribution of these random variables can be written as

IT:2 1 Ps(s:) Py 2, 2, x1 X258 (Ui 2105 223 @14, T2, Si)
P(zy|xi™, 27 P(ag|xi™, 2071, €))

A (271 9nfz n) code for the state-dependent discrete mem-
oryless MAC with generalized feedback consists of

o Two message sets Wy = [1: 2"%] for k = 1,2.

o Encoder k: a function ¢g; : Wi X Zi — X, that assigns
a symbols zp; = @ki(wk,zi_l) for ¢ = 1,...,n. For
simplicity, we write 2} = ¢} (wy, 2/~ ") for the sequence
of n encoded symbols.

o Decoder: a function g : Y x ST x &3 — W) x W that
assigns a message pair (i, w2) = g(y™, s").

« State estimator k£ outputs the estimate 37} as a function
of z}} and z;;. We consider without loss of generality a
function 1,Z~)l’€’ AP x 2 — S [1, Lemma 2] so that
s = Pp(a, 2p)-

The average distortion of estimator k is
1 5
dl(cn> =E |:TL Zl di(Ski, Skz):| 2)
i=

where dj, : Sy X Sj, > [0, 00) measures the distortion between
a state symbol and a reconstruction symbol. We consider

S . . A .
bounded distortion functions with dmax = max(y s 5) dr (s, 8).

Let the average error probability be Pe(n). We say that
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(R1, R2, D1, D) is achievable if for all ¢ > 0 there is
some n and a (2"f1 2" n) code satisfying P™ < ¢ and
d\"™ < Dy + ¢ for k = 1,2. The capacity region C(Dy, Dy)
is the closure of achievable (R;, Rs) for specified Dy, Ds.

For our outer bound on C(D;, Ds), we consider idealized
transmitter estimators §; = 95 (21, %2, 21, 22), k = 1,2, that
are aware of x1, x5 as well as z1, zo. The best such estimators
are

* .
A\T1,T2,21,%29) = ar; min
Vk(21, 72,21, 22) gwk:Xle_@leszHSk

> Psyix, X220 2, (sk|v17221 22) di (5, Yk (w1, 72, 21, 22))

5, ESk
3)

for k = 1,2 with the conditional distortions

cx(z1, w2) = Eldi(sk, V5 (21, T2, 21, 22))| X1 = @1, X2 = x2].

“
The following outer bound extends a bound from [3] to state-
dependent MACs with distortion constraints.
Theorem 1. C(D1, D2) is a subset of the union of (R, Rs)
satisfying

Ry < I(X1;Y 2, Z5|SXT) (5a)
Ry < I(X2;Y Z125|SX1T) (5b)
Ry + Ry < I(X1 X0: Y 2, Z|ST) (5¢)
R1 4+ Ry < I(X1X5;Y]S) (5d)

where T' — SX1Xo — Y Z1Z5 forms a Markov chain, and we
have the dependence balance constraint

I(X1; Xo|T) < I(X1; X2| 21 Z5T) (6)
and the average distortion constraints

Eler(X1,X2)] < Dg, k=1,2. (7

It suffices to consider T whose alphabet T has cardinality
|T| <7 (see [9, Appendix B]).

Remark 1. The result yields a number of special cases studied
in the literature. Without distortion constraints and states, the
bounds reduce to the ones derived in [3]. For a single user, i.e.,
Xy and Zy constants, Theorem 1 yields the capacity-distortion
tradeoff in [1]. For a special case when the feedback is output
feedback Zy = Zs =Y and we have no distortion constraints,
the region reduces to [5, Section VII].

For our achievable region, we consider an estimator
* .
¥ (21, v2, 21) given by

" .
X1, V2,21) = ar min
%l( V2,21) gwlmxvzleHsl

Z Ps,1x1v2z,, (Sk|w1v221)d1(s1,¥1 (21, v2, 2))  (8)
$1E€S1

yielding the estimation cost as

¢y (@1, v2) = Eld1 (51,97 (1,02, 21))| X1 = 21V = v3] (9)

1

We define Q;(Ul, T2, z2) and ¢y (v1, z2) similarly. The follow-
ing achievable region is based on [4].

Theorem 2. C(Dy, Ds) includes the (R, Rs) satisfying

Ry < I(X1;Y|XoVWUS) + I(Vi; Zo| X2U)  (10a)
Ry < I(Xo; Y[X1VRUS) 4 I(Vo; Z1|X1U)  (10b)
Ry + Ry < min{I(X;X3;Y|S), [(X1X2;Y|SV1WLU)
where V1 X1 —U — Vo X and UV Vo — X1 Xo — Y Z1 75 form
Markov chains, and where
Ele, (X1, V2)] < Dy
Elcy (Vi, X2)] < Do.

(11a)
(11b)
III. CONVERSE

This section provides a sketch of proof for Theorem 1.
Details are provided in [9, Appendix A]. By following the
same steps as [3] and [5], we have

n
nRy <Y (X145 YiZi|8iX2: Z'7") + e

(12a)
=1

nRy <Y I(X2i;YiZi|SiX1, 27 ") + e (12b)
=1

n(Ri+ Ry) <Y I(X1:X25; Vi Zi[ S, 27 1) +me (120)

i=1
S I(X0i Xi| 2,277 <3 I(Xui; Xi| 271, (12d)
i=1 i=1

where we let Z; = (Zy;, Z2;). Next, suppose a genie gives
both inputs X ;, X2, to both transmitters when estimating
Sk,; for j # k. We then have the distortion constraints

n

1
- Z]E[Ck(Xli,Xm)] <Dp+e k=12
n

i=1

13)

Let @ be uniform over 1,2, ..., n and independent of all other
random variables. Define T = (Q, ZlQ_l7 Z?‘l), X1 = X1,
and similarly for all other variables. By letting n — oo, we
readily obtain (5a), (5b), (5¢), (6) and (7), while (5d) follows
from the cut set bound.

IV. ACHIEVABILITY

We use block Markov encoding and backward decod-
ing  [4]. Encoder k sends 2(B — 1) ii.d. messages
{wp1(b), w2 (b)}£-,' over n = BN channel uses. The mes-
sages wi1(b) € [1,2VF*1] and wyo(b) € [1,2VF2], k = 1,2,
b = 1,..,B — 1, are uniformly distributed and mutually
independent. By letting B — oo, we obtain Rjk% — Rji
for any j,k = 1,2. Encoder 1’s message wi2 is decoded
by encoder 2, while encoder 2’s message wo; is decoded by
encoder 1 thanks to generalized feedback, yielding encoder
cooperation.
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a) Codebook Generation: Fix a pmf
Py (u) Hizl Py, v (vk|u) Px,v,v(zk|vk,w) and  functions
g{(z’l,vg,zl),g;(vl,@,22) such that the distortion
constraints are satisfied. For each block b 1,...,B,
we proceed as follows:

o Generate 2V(F12tF21)  gequences u (p_1, kp_1),
Jb—1 = 1,...}\72NR12, kp—1w = 1,...,2NF21 each
according to [[,; Py (u;).

o For each (jy_1,kp_1), generate 2NFiz  sequences

o (Jp—1,kb—1,7)s G5 = 1,...,2N2 each according

to Hf\;l Py, v (viswi(jy—1,kp—1)). Similarly generate

8 (Jp—1, ko1, kp), k= 1,... 2N R,
o For each (jy—_1,kp_1,j;), generate 2NT11 sequences
o (Go1, kv—1,735, o), Iy = 1,..., 2N F11_ each according

to [IX, Px,jov, (@1slwi(o—1, kp—1), v15(j7)). Similarly

generate z2 (jp—1, kp—1, kjp, mp), mp = 1,..., 2N B2z,

b) Encoding: We set jo = kg = 1 and lg = mp = 1.
At the end of block b, encoder 1 finds an index kj such that

(uN('7 ')’U{V('v 'aj}/;)»vév('v ) klln)axllv(v '»jlljvlb)v Z{V(b)) € ,EN
(14)

where the first two arguments of each variable are j,_1, kp—1 I
Using this estimate k] from block b, encoder 1 transmits
@ (Jus Ky Jboqs lbe1) in block b+ 1. Similarly, encoder 2 finds
an index j; such that

(UN('V)7U{V('7'7jll7)avév('7'7k;:)7xév('7'7k£7nlb)vzév(b)) € 7:N'

(15)

Using the estimate j; from block b, encoder 2 transmits
@3 (j}, kb, Ky, mpq1) in block b + 1. Both encoders repeat
the same procedure for each b.

¢) Decoding:  Assuming that (j;,k;) is decoded
correctly in block b + 1, the decoder finds
(jbfl,k’bfl,lb,mb) in block b such that UN(jbfl,kbfl),
0 (Jo—1, ko—1,34)» v8 (o1, ko1, kp ), @ (o1, ko—1, 45 1),
2N (o1, kv—1, kp, myp), sV (b), y™ (b) are jointly typical. The
decoder repeats this step for blocks B to 1.

d) State Estimation: For each block b
encoder 1 puts out

1,....B,

§{V(b) = yi(x{\/(jb—la kb—17.jlln lb)a vév(jb—la kb—la k;})7 Z{V(b))

where kj is decoded at the end of block b during encoding
process. Similarly, encoder 2 lets

83 () = 95 (01 (o1, ko1, 45) 23" (o1, ko1, kg, ), 21 (b))

where j; is known to encoder 2 from its encoding process.

U If there is more than one such index, we select one of these indices
uniformly at random. If there is no such index, we choose an index from
{1,...,2NE21} yniformly at random. A similar procedure applies to decod-
ing and shall be omitted.

e) Error Probability: Following the same steps as [4], we
can prove that by letting N — oo, P\ — 0 if the following
conditions hold:

Rio < I(V1; 25| X2U) (16a)

Ry < I(Vo; Z1| X1 U) (16b)

Ry < I(X1;Y|SXoWNU) (16¢)

Ros < I(Xo:Y[SX\VaU)  (16d)

Rii + Ryp < I(X1 Xo; Y|SVIVRU)  (16e)

Rz + Ro1 + Ri1 + Rox < I(X1X9;YS) (16f)

The analysis details are provided in [9, Appendix C]. Applying
Fourier-Motzkin elimination, we obtain the desired expres-
sions.
f) Distortion: If there is no decoding error, (u®(b),
N (), oY (b), 2¥(b), #¥(b), y¥(b). s(b)) are jointly
typical for all b. We simplify notation and let wy
(wi(1), ..., w(B — 1)) with [Wy| = 2NB-DEr+Rez2) for
= 1,2, where wy(b) denotes (wy1(b), wk2(b)). For a given
message pair (wq,ws), we bound the average distortion for
encoder 1.

dgn) (TU171U2) S Pe(n) (’u)l7 ’LUQ)dmax
+ (1= P (wy,ws)) (1 + OB ey (X1, V)]

By averaging over all possible message pairs, we obtain the
desired result. The details of the proof are provided in [9,
Appendix D].

V. EXAMPLE

Consider a MAC where the state and channel inputs are
binary, Sk, Xj, € {0,1} and the channel output is ternary:

an

Consider Hamming distance, i.e., d(s,§) = s @ §. For sim-
plicity, we consider output feedback Z; = Zj Y and
assume that S; and S are i.i.d. Bernoulli with parameter
s El Pr(S =1). If ps = 1, then this channel reduces to the
binary erasure MAC with feedback, whose capacity region is
the Cover-Leung region [6], [7] (see also [8, Chapter 17]).

We compute the optimal estimation cost. The best estimator
gives either zero distortion or n = min{ps,1 — p,} yielding
the following cost for encoder 1 (see [9, Appendix E]):

¢1(0,0) =Py (0), c1(1,1) =nPy(1)
61(0,1) :n(PY(O)+PY(1))7 61(1’0) =0

A. Proposed Scheme

Y = Sle + SQXQ.

(18)

We characterize an achievable tradeoff between the sum rate
and the symmetric distortion of our proposed scheme.

Xy =V 00, =U0X,®0, k=1,2 (19)

where U, X, Y5,01,05 are mutually independent. For the
sake of simplicity, we focus on the symmetric rate R = R»
and let U, X}, 0) is Bernoulli distributed with parameter
p, q, 1, respectively, for k = 1,2.
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a) Unconstrained sum rate: We first characterize the
unconstrained sum rate without distortion constraints, denoted
by Rsumfprop(ooy

Corollary 1. The unconstrained sum rate is given by:

Rsum—prop(oo) = (ma);) HliIl{fl (p7 q, 7')7 f2 (p7 q, 7)} (20)

54qs

with fi = fia + 2{f1o — fic}, where fia, f1s, fic, fo are
defined in (21) by letting k = qr + qr and Kk =1 — k.

The proof is provided in [9, Appendix GJ.

Remark 2. For a special case of the erasure MAC with ps =
1, the functions f1, fo simplifies into:

fl(p7 q, T') = H3(T'27 QTF, fQ) + 2(H2(‘V‘-’) - HQ(T.))
F2(p,q,7) = Hs(pr” + pr?, 26, pr” + pr°)
It readily follows that fo is maximized by letting p = 1/2,

vielding Ho(2kR) + k2 + K2 It can be proved that the sum
rate is given by choosing r = 0, yielding

Raum—prop(00) = max min{2H72(q), Ha(2q0) + ¢* + 2°)
By choosing q* = 0.2377, the sum capacity of 1.5822
bit/channel use is achieved [7].

b) Minimum distortion: The minimum distortion D,;,
can be obtained by solving the following optimization prob-
lem.

min
P:0q

Px, v, (@1,v2)c; (@1, v2) (22)
(z1,22)
where by letting 7, = min{psz,1 — psx} the cost function
¢1(x1,v2) is given in [9, Appendix F].
21(070) = nPY(O) + T]TPY(I)7 91(17 1) = PY(l)T/?
21(071) :n(PY(O)+PY(1))7 91(110) :PY(l)T]T (23)
The solution of (22) is achieved by choosing X; = Xo = U,
yielding zero sum rate. With this choice (¢ = r = 0), the
estimation cost coincides with the idealized one. Intermediate
points between the unconstrained sum rate and the minimum
distortion can be evaluated by the parametrized optimization
similarly to the single-user case [1].

fia = 2pspsHa(r) + p2Hs(r?, 2r7, )
flb = —ﬁﬁ[(ﬁs + ps"f) lOg(ﬁs + psﬁ) + (ps’?«) 10g(psf_f)]
— PE[(Ds + psk) log(ps + psk) + (psk) log(psk)]

— PR[(D2 + psPsk) log(p2 + pshsk) + (Psps + psDsk + p2k)10g(Dsps + pshsk + pok) + (p

B. Resource-Sharing

We consider a resource sharing scheme that uses feedback
only for state estimation purpose. Then, we can achieve
(Dmmin, 0). The other extreme point is the unconstrained sum
rate point without feedback. After some straightforward com-
putation, we obtain:

H(Y|SQ)

max

Rsumfnoffb (OO) =
PoPxy10Px;510

= max 2p,p, Ha(a) + p3 Hz(a?, 2aa,a%)

3p?
2

where the last equality holds by choosing a = % The
corresponding distortion is given by a fixed estimator in-
dependent of feedback. Namely, we consider 5, = 0 if
ps < & and &, = 1if p, > 4. This yields the distortion of
1 = min{ps, 1 —ps }. In summary, the resource sharing scheme
achieves any tradeoff between (Dyyin, 0) and (17, Rsum—no—fb)-

C. Outer Bound

By applying the upper bound (1) to the binary erasure MAC
with binary states, we have

Ry < H(Y‘SXJ'T), Vk=1,2,Vj #k
R+ Ry < H(Y‘ST) < H(Y)

(24a)
(24b)

We apply the technique used in [7] to the state-dependent
erasure MAC. By focusing on the symmetric rate, we define
pe 2 Pr(T = t), ay 2 Pr(Xy, = 1T = t) for k = 1,2.
By noticing that H(Y|(s1,s2), X2T) is positive only for
(s1,82) = (1,0),(1,1) and H(Y|(s1,82),X1T) is positive
only for (s1,s2) = (0,1), (1,1), it readily follows that

H(Y|SX,T) = H(Y|SX,T) = ps »_ peHa(ar)
t

— PE[(P? + psPsk) 10g(P2 + psPsk) + (Psps + Pshsk + P2R) log(Psps + psPsk + p2k) + (p2k) log(p2k)]
fie = —(par + pgR)[(Ps + psT)log(ps + ps7) + psrlog(psr)]
- (ﬁq’{' + p’j’%)[(ﬁs + psT) IOg(ﬁs + Ps”) + psfl()g(psf)}

— (DGR + par)[(D? + psDsT) 10g(P? + psPsT) + (psDs + PsDst + P2T) log(psPs + pshsr + 7) + (p
— (pq + pgr) (P2 + pspsr) 10g(P2 + psDst) + (pshs + PshsT + Par) 0g(psPs + PsDsT + P2r) +
f2 = 2pspsHa(pk + PR) + p2 Hs(pk® + pR®, 26K, pk® + PR*)

= poH2(6(2)_ prasar)) (25)
2F) log ()]
or) log(p3r)]
(p37) log(p37)]
@n
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Fig. 2. Unconstrained sum rate vs. state probability ps.

where we defined a function ¢(t) = 3(1 — /1 —2t) for t €
[0,1/2] and used the concavity of Ha(¢(t)). We also have

H(Y) = Hs(p? + 2psps »_pels + 2 Y pediy,

t t
2pePs Y prar+2p7 Y Py, pl Y peay)
t t t

< Hjy | 2psps Zptat + 2]?? Zptatat
t t

1 — [2psps Zptat +p? Zpt(zatﬁt)] (26)
t t

where the last inequality follows from Hs(a,b,c) =
Holeb )b Ha(eba) < Fo(b) + 1 — b, By noticing that the
bounds in (25) and (26) depend only on two parameters
a=2%,paa; and v = ), pra;, we readily obtain

Rsum—out(00) = rgz}yx min{2ps Hz(p(ar)), Ha(2pspsy + p?oc)

+1- (21751557 +p§0¢)}
= maxmin{2p, Hz(6), Ha(2ps5sy + 2p2BP)

+1-— (2175;55’7 + ngﬂB)}

where the last equality follows by letting 8 = ¢é(«), or
equivalently o = 23f3. The minimum distortion can be
calculated similarly to (22) by replacing the estimation cost
¢;(x1,v2) with the idealized estimation cost ¢ (21, x2).

D. Numerical Result

Fig. 2 shows the unconstrained sum rate performance as a
function of the state probability p,. For the case of p; = 1, the
sum capacity is 1.5822 bit/channel use. The proposed scheme
yields a visible gain with respect to the resource-sharing for
ps > 0.8 when feedback becomes useful for the unconstrained
sum rate. The outer bound is not very tight for ps closed
to one. Fig. 3 shows the tradeoff between the sum rate and
the symmetric distortion for ps = 0.7. The proposed scheme
achieves a significant gain compared to the resource sharing

08
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—o—Proposed Scheme

02 —G- Resource Sharing

L
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Fig. 3. Tradeoff between sum rate and distortion for ps = 0.7.

scheme in terms of tradeoff. Moreover, the proposed scheme
achieves near-optimal performance for small distortion values.

Although restricted to a very simple setup, the current
work demonstrates a high potential of joint sensing and
communication, that exploits feedback both for state sensing
and communication.
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